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Abstract In this paper, we present an extension for non-negative increasing and
co-radiant (ICR) functions over a topological vector space. We characterize the essential
results of abstract convexity such as support set, subdifferential and polarity of these func-
tions. We also give some characterizations of a certain kind of polarity and separation property
for non-convex radiant and co-radiant sets.
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1 Introduction

It is well-known that every proper and lower semi-continuous convex function can be
expressed as a pointwise supremum of a family of affine functions majorized by it (see [10]).
It is natural to see what happens if we replace affine functions by a certain class of functions
which are so-called elementary functions. This gave rise to the subject of Abstract Convexity
(for more details see [9,11,12]). It is well-known that some classes of increasing functions
are abstract convex, for example, the class of Increasing and Positively Homogeneous (IPH)
functions and the class of Increasing and Convex-Along-Rays (ICAR) functions. The first
studies of these functions were carried out over the cones in topological vector spaces (see
[3,4]). Some suitable extensions for these functions defined over the whole of topological
vector spaces were obtained in [2,7,8].
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Increasing and Co-radiant (ICR) functions are another class of increasing functions which
are abstract convex. The theory of ICR functions can be applied in mathematical economics
(see, e.g., [6]), where quasi-concave ICR functions have been studied. The first character-
ization of these functions has been shown in [10] over the cone R’ This was generalized in
[5], where ICR functions defined over cones in a vector space.

In this paper, we generalize ICR functions defined on a topological vector space and give
some characterizations of these functions. As an application, we present a kind of separation
property for radiant and co-radiant sets.

The layout of the paper is as follows. In Sect. 2, we collect definitions, notations and
preliminary results related to ICR functions. In Sects. 3 and 4, we obtain some results of
abstract convexity for ICR functions and characterize their subdifferential and support sets.
We study polarity of ICR functions in Sect. 5. Finally, the relation between IPH and ICR
functions will be given in Sect. 6.

2 Preliminaries

Let X be a topological vector space. We assume that X is equipped with a closed convex
pointed cone S (the latter means that S N (—S) = {0}). We say x < y or y > x if and only
ify—xeS.

A function f : X — [0, 400] is called co-radiant if f(Ax) > Af(x) for all x € X and
all A € (0, 1]. It is easy to see that f is co-radiant if f(Ax) < Af(x) for all x € X and all
A > 1. The function f is called increasing if x >y = f(x) > f(y).

Definition 2.1 An increasing function f : X — R is called concave-along-rays (ICAR), if
for each x € X the function fy(«) = f(ax) is concave for all « € (0, +00).

The support set of a A-convex function is defined by:
supp(f, ) :={le A : l(x) < f(x)Vx e X},

where A is the set of elementary functions. Also, the A-subdifferential at a point xg € X is
defined by:

Ianf(xo) :={le A f(x) = flxo) = I(x) —l(x0) Vx € X}.
The following definitions are well-known.

(i) A non-empty subset A of X is called downward, if x € A, x’ € X and x" < x imply
x' € A.
(ii) A non-empty subset B of X is called upward, if x € B, x’ € X and x < x/ imply
x' € B.
(iii) A non-empty subset A of X is radiant,ifx € Aand 0 < A < 1 imply Ax € A. Also, a
subset B of X is co-radiant, if x € B and A > | imply Ax € B.

Now, we present some examples of ICR functions.

Example 2.1 1t is easy to check that an ICAR function f such that f(0) > 0 is ICR. In fact,
we have foreachx € X and A € (0, 1] :

fOx) =) = frh+ (1 =2)0) = Afx (D) + (1 = 2) f(0) = Af (x).
Example 2.2 An increasing positively homogeneous function f of degree §, where 0 < § <

1,1is ICR.
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3 Abstract convexity of non-negative ICR functions

Some definitions related to the abstract convexity have been introduced in [11]. In this sec-
tion, we discuss on abstract convexity with respect to a certain class of ICR functions. We
also investigate subdifferential and a special kind of polarity of ICR functions.

Consider the function/ : X x X x Ry; —> [0, +o0] defined by:

[(x,y,a) :=max{0 <A <a:Ay <x}, 3.1)

(we use the convention max ¢ = 0).
In the following, we give some properties of this function.

Proposition 3.1 Foreveryx, y, x', y/ € X; y € (0,1]; u, a, &’ € Ry, one has

o
[(ux, y,o)=pul (x, Vs ;), (3.2)
1
[(x, ny,a)= ;l(x, v, o), 3.3)
x<x'= I(x,y,a) <1, y, ), (3.4)
y<y = lx,y,0) = l(x,y ), (3.5)
a<d = Ilx,y,a) <Il(x,yd), (3.6)
I(yx,y,a)> yl(x,y,a), (3.7)
1
I(x,yy,0) < —l(x,y,a), (3.8)
4
l(x,y,0)=a & ay <ux. 3.9)

Proof We only prove parts (3.2) and (3.7). For (3.2) we have:
l(ux,y,a) =max{0 < A <a:iy < ux}
:max{OfAfa:%ny}
=max{0§,u5\§a:):y§x}

o
—ul(x,y, —).
"

Finally, (3.7) follows from (3.2) and (3.6). ]

Example 3.1 Let X = R" and S be the cone R’} of all vectors in R" with non-negative coor-
dinates. Let I = {1, 2, ..., n}. Each vector x € R" generates the following sets of indices:

Li(x)={iel :x;>0}, Ip(x)={iel :x;=0}, I_-(x)={i el :x;i <0}
Let x € R" and ¢ € R. Denote by { the vector with coordinates
(5) | D0,
x/i 0, i€ lpx).
Then, for each x, y € R", we have

min [miniebr(y) )y‘—j , oz] , x € K;',

l(x,y,a) =
(x,y, @) lo, v ¢ KF
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where
+ n . Xi . Xi
Ky = ’xeR :Vielp(y)Ulp(y), x; >0; max — < min —].
iel-(y) yi i€l (y) yi
We can also introduce the function u : X x X x Ry —> [0, 400] defined by
u(x,y, ) :=min{A > g : By > x}, (3.10)

(with the convention min¥) = +00).
The following proposition gives us some properties of the function u.

Proposition 3.2 Foreveryx, y, x', y/ € X; y € (0,1]; u, B, B’ € Ry, one has

u(px, y, ) = pu (x,y, g) (3.1
1

u(x, l’Ly7 ,B) = ;M()C, y7 /,l,ﬂ), (312)

x<x' = ulx,y,p) <u@',y B, (3.13)

y<y = ux.y.p) =ulx.y.p), (3.14)

B<=p = ulx,y,p) <ux,y B, (3.15)

u(yx,y,B) = yu(x,y, B, (3.16)
1

u(x, yyv ﬂ) 5 ;l/l(.x, y7 ﬂ)’ (317)

ux,y,p)=8 & By=x. (3.18)

In the following proposition we give the relation between the functions / and u.

Proposition 3.3 Let [ and u be as the above. Then, forall x, y € X and all p > 0, we have:

1
[(x,y, wu (y,x, *) =1, (3.19)

"

(with the convention 0 x (+00) = (4+00) x 0 = 1).
Proof This is an immediate consequence of the definition / and u. O

Theorem 3.1 Let [ : X — [0, +o0] be a function. Then the following assertions are
equivalent:

(i) fisICR.
(ii) Af(y) < f(x)forallx, y € X and all » € (0, 1] such that Ly < x.
(iii) l(x,y,a) f(ay) < af(x)forall x, y € X and all « € Ry , with the convention
0 x (4o00) =0.
(iv) ulx,y,B)f(By) = Bf(x) forall x, y € X and all B € R, with the convention
0 x (+00) = 4o00.

Proof

()= (ii). It is obvious.

(il))= (iii). Leta > O0and x, y € X be arbitrary. If [(x, y, @) # 0, then /(x, y,¢)y < x,
and also 0 < W < 1. Thus, by hypothesis and the fact that W(ay) < x,
we conclude that w f(ay) < f(x). Therefore, holds. Trivially, (iii) holds if
I(x,y,a) =0.
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(iii)= (i). Now, let y < x. Then, by (3.9), I(x, y, 1) = 1, and (iii) implies that f(y) =
fOI(x,y,1) < f(x). So, f is increasing. Moreover, according to (3.7), we have
M(x,x,1) <Il(Ax,x,1) forall A € (0, 1] and all x € X, Thus

Af() =M, x, D) f(x) <I0x,x, 1) f(x) = f(hx).

Hence, f is ICR.
()= (iv). Letu(x, y, B) # -+oc. Then ”(’Cg*m > 1, and also W(ﬂy) > x. Since f
is ICR, it follows that
u(x,y, p) u(x,y, p)
— B = (7(@) > f(x).
B B
Also, (iv) holds if u(x, y, B) = +o00 because 0 x (400) = +00.
Finally, the proof of the implication (iv) = (i) can be done in a similar manner as the
proof of the implication (iii) = (i). ]

Remark 3.1 Consider % = 0, then we should consistently have g =( %)_] =0"! = 400,
even though 7 and g yield the same expression 8, when both a and b are equal 0. In The-
orem 3.1 (iii) we use the convention 0 x 0~! = 0, whereas in Theorem 3.1 (iv) we take
0 x 0~! = +o0. In fact, this second choice is necessary for the sake of consistency with the
first one.

We could solve this apparent inconsistency regarding notation by introducing two differ-
ent operations, a “lower” division and an “upper” division, similarly to the lower addition
and upper addition often used in Abstract Convex Analysis, but we preferred to avoid this in
order to keep our notation as simple as possible.

Now, we are going to show that each non-negative ICR function is supremally generated
by a certain class of ICR functions.

Assume that y € X and @ € Ry . Consider the function /(y o) : X — [0, +00] defined
by l(y,a)(x) =1(x, y,a). Also, let L :={l(y ) : y € X, a € Ry} be the set of elementary
functions.

Remark 3.2 By (3.4) and (3.7), the function /(y ) is an ICR function.

Theorem 3.2 Let f : X — [0, +00] be a function. Then f is ICR if and only if there exists
a set A C L such that

f(x)= sup l(y,a)(x)-

l(y.o() €A

In this case, one can take A = {l(y o) € L : f(ay) > a}. Hence, f is ICR if and only if f is
L-convex.

Proof We only prove that each ICR function f : X — [0, +00] satisfies

f(&x)= sup Iy q)(x).
l(yya)EA
According to Theorem 3.1, we have [(y 4)(x) f(ay) < af(x) for all x, y € X and all
a € Ryy.So,if x € X and [y ) € A are arbitrary, then [(y o)(x) < f(x). Let 0 <
f(x) < 4o00. Then l(ﬁ,f(x)) € A, and since [(_x_ ¢(,))(x) = f(x), it follows that f(x) =

T
maxy., , eA l(y.a) (X)-
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Now, consider f(x) = 0. Let /(y4) € A be such that [(y 4)(x) # 0. According to
Theorem 3.1, we have [(y 4)(x) f(ay) < af(x) = 0, which implies that f(ay) = 0. But,
0 = f(ay) > «, and this is a contradiction. So, [(y ) = 0 for all [(, o) € A.

Finally, if f(x) = +ooand & > 1, then f(3) > éf(x) = +o00. Put, y, = 7. Trivially,
we get f(yq) = 400 > o forall @ > 1, and thus [(y ) € A. Therefore, we have

J(x) =400 =supliy, a)(x) = sup lya(x) = fx).

l(»v,w)EA

Hence, the proof is complete. O

As the above, we can also show that each ICR function f : X — [0, +o00] is infimally gen-
erated by a certain class of ICR functions. Let y € X and B € R4 . Consider the function
ue,py : X — [0, +00] defined by u(y g)(x) = u(x,y, B). Also, let U := {uy g : y €
X, B € Ry} be the set of elementary functions.

Remark 3.3 By (3.13) and (3.16), the function u(y g) is an ICR function.

The proof of the following theorem is similar to the one of Theorem 3.2, and therefore we
omit it.

Theorem 3.3 Let f : X — [0, +00] be a function. Then f is ICR if and only if there exists
a set B C U such that

x) = inf wu¢y e (x).
f( ) Uy B (),a)( )

In this case, one can take B = {u(y gy € U : f(By) < B}. Hence, f is ICR if and only if f
is U-concave.

Recall that a function f is inf-abstract-convex if f(x) = infy f,(x) such that each f, is
abstract-convex.

Corollary 3.1 If f : X — [0, +oc] is ICR, then f is inf-abstract-convex.

Proof Tt follows from Theorem 3.2 that f(x) = infu(w) U (y,a)(x). Since each u(y, g) is ICR,
it follows from Theorem 3.2 that u(y,g) = sup;  l(y.e)(x), and the proof is complete. O

4 Subdifferential and support sets

In this section, we present a description of support set and the L-subddiferential of an ICR
function f defined on a topological vector space X, and we investigate some properties of
support sets in X.

Recall that the support set of a A-convex function is defined by:

supp(f, A) :=={l e A : I(x) = f(x)Vx e X},
where A is the set of elementary functions.

Proposition 4.1 Let f : X — [0, +00] be an ICR function. Then

supp(f, L) = {ly,) €L : flay) > a}.
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Proof Letly o) € supp(f, L). We have l(y o) (x) < f(x) forall x € X, and so, for x = ary,
we obtain o = Iy ¢)(ay) < f(ay). Now, suppose that (y,@) € X x R; be such that
f(ay) > «. According to Theorem 3.1(iii), we have

l(y,ot)(x) < f(),

for all x € X, which completes the proof. O

Recall that for a A-convex function f : X — [0, 400], the A-subdifferential at a point
xo € X is defined as follows:

Infxo) :={le A : f(x) = flxo) = I(x) —I(x0) Vx € X},
where A is the set of finite elementary functions.

Proposition4.2 Let f : X — [0, +oc] be an ICR function and xo € X be such that
f(x0) #0, +00. Then

{ly,w) @ flay) = a, lya(xo) = f(x0)} C oL f(xo0).
Moreover, dr, f (xo) # 0.
Proof Letl(y o) € {l(y,a) : flay) = o, lya)(x0) = f(x0)}. By Proposition 4.1, we have
f(ay) > aif and only if [y o)(x) < f(x) for all x € X. This, together with the fact that

f(x0) = I(y,a)(x0) imply that [, o) € 3 f(x0). Now, put y = % and @ = f(xp), which
implies that f(ory) = o and Iy o) (x0) = f(x0). Hence, l(y o) € 91 f (x0). O

Theorem 4.1 Let f : X — [0, +o00] be an ICR function and xo € X be such that f(xg) #
—+00. Then

{{y,w) o fx0) < ly,a)(x0), o — Iy a)(x0) < flay) — f(x0)} C 9L f(x0).
Moreover, the equality holds if and only if infcx f(x) = 0.

Proof LetD = {l(yq) @ f(x0) < I(y,a)(X0), @ —l(y,a)(x0) < f(ay)—f(x0)}andl o) € D

be arbitrary. Since W < land 0 </ q)(x0) — f(x0), it follows that

l(y,a)(x)
o

Liy,a) ()
o

(@ = flay)) =< () (x0) = f(x0)) = l(y,a)(x0) — f(x0), (4.1)

for all x € X. According to Theorem 3.1(iii), we have Wf(ay) < f(x) forall x € X.
This, together with (4.1) imply that

l(y,a)(x) - f(x) <

liy.a
UTM(“ — flay) = ly.a)(x0) — f(x0),

forall x € X. Hence, [(y,o) € 01 f (x0).
Now,assume that infycx f(x) = 0and [y ) € L f (xp). By definition we have

Ly, (X) = L(y,0)(x0) = f(x) — f(x0), (4.2)

for all x € X. This means that —/(y 4)(x0) < l(y,a)(X) — l(y,0)(x0) < f(x) — f(x0). Thus,
f(x0) = l(y,a)(x0) < infrex f(x) = 0, which implies that f(xo) < l(y,«)(x0). Moreover,
put x = «y in (4.2), we obtain

o = liya)(x0) = flay) = f(xo). 4.3)
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Hence, [(y,4) € D.
Now, we are going to show that if D = 9dr, f(xp), then infycx f(x) = 0. Let @ >
f(0) —infrex f(x) be arbitrary, we claim that /(g o) € 91 f(0). For this end, we have

s es
hwmmz[g oy (44)

Let x € S. Since f(0) < f(x), then, by (4.4), we have
L0,0)(X) = 1(0,0)(0) =0 < f(x) — f(0) Vx €S.
Also, since @ > f(0) —infycx f(x), then, by (4.4), we have
Lo,y (®) = l0,wy(0) =0—a < f(x) — f(0) Vx e X\S.

So, l(0,a) € 9L f(0) for all « > f(0) — inf,cx f(x). Moreover, since D = 9, f(0), we
conclude that

fO) =low©) = Vo> f(0)— inf f(x).

As o — f(0) —infycx f(x), we get f(0) < f(0) —infycx f(x), and this implies that
infyex f(x) =0. O

Corollary 4.1 Let f : X — [0, +00] be an ICR function. Define the function g : X —
[0, 400] by g(x) := f(x) —inf,cx f(x). Assume that g is an ICR function. Then we have

oL f(x0) = {{y,a) = f(x0) < l(y,a)(x0) + ;g{ fX), a—Iyaxo) < flay) — fxo)}

Proof Since 9y, f(xo) = drg(xp) and inf,cxy g(x) = 0, the result follows from Theorem
4.1. O

In the rest of this section, we introduce X x R -support sets for an ICR function which are
essential to characterize polar sets.

Let f : X — [0, +o00] be a function. The lower (X x R )-supportsetof f,supp;(f, X x
Ry4), is defined by:

suppi(f, X x Ryy) = {(y,0) € X x Ry = L2 ) < f). 4.5)
Also, we define the upper (X x R4 )-support set of f, supp, (f, X x Ry4), by:
suppu(f, X X Ryq) :={(y,a) € X x Ry : u<%,ﬁ) = fh (4.6)

Let W C X X Ry, recall that the a-section of W (W¢) is defined by W* := {y € X :
(y, ) € W}. Also, y-section of W (W,) is defined by Wy :={a € R14 : (y,a) € W}

Remark 4.1 Let f : X — [0, +oc] be a function. According to (3.5), (3.6) and (4.5),
supp;(f, X x Ry4) is a radiant set and has the upward «-section, also the y-section of
supp;(f, X x Ry4) is anormal and closed set in R ;.

Remark 4.2 Let f : X — [0, +oc] be a function. According to (3.14), (3.15) and (4.6),
suppy (f, X x Ry4) is a co-radiant set and has the downward «-section, also the y-section
of supp, (f, X x R44) is a co-normal and closed set in R .

Proposition4.3 Let W C X X Ry and W # (. Then the following assertions are
equivalent:
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(i) W is radiant, the section W is upward for all « > 0, and for all y € X the section
Wy is normal and closed in Ry .
(ii) There is a unique ICR function f : X — [0, 400] such that supp;(f, X X Ry4) = W.
(iii) There is a unique function f : X — [0, 400] such that supp;(f, X x Ry4) = W.

Proof

()= (ii). Define the function f by f(y) := sup{o > 0 : (y,a) € W}forally € X (with

the convention sup ¥ = 0). We are going to show that f is an ICR function. For this
end, let y; < y> and @ € Wy, . Then y; € W®. Since W is upward, then we obtain
y2 € W¢, which implies that « € W,,. On the other hand, we have W,, C W,,.
Thus, f(y1) < f(y2). Hence, f is increasing.

Now, assume that 0 < A < 1 and y € X be arbitrary. Then, we get:

f(y) =supfa @ (Ay,a) € W}
> sup {a : (y, %) S W}
= sup{iB : (v, B) € W}

= Af(y).

Therefore, f is a co-radiant function. Now, we are going to show that W = supp;
(f, X x Ry4). For this end, let (y,«) € W, then f(y) > «. Since f is an ICR
function, it follows from Proposition 4.1 that [ Yoy S f, which implies that (y, o) €
supp;(f, X x Ry4),andso W C supp;(f, X x R44).

For the converse inclusion, let (y, o) € supp;(f, X x R4+4). Thisimplies that f(y) >
a. Since W, is closed and normal in R, we conclude that « € Wy, and hence
(y, @) € W. Therefore, W = supp;(f, X x Ryy).

Moreover, f is unique. Indeed, suppose that there exists an ICR function 2 : X —
[0, +o0c] such that W = supp;(h, X x Ry+4). Let x € X be such that h(x) # O.
Then, by Proposition 4.1, we have [(y ) < h if and only if h(ay) > a. So, we

deduce that l( R~ e suppi(h, X x Ryy) =W =supp;(f, X x Ry4), which
IOk
means that / ( < f. Then, by (3.9) and the fact that f is positive, we obtain

F h)
h(x) < f(x) for all x € X. By a similar argument we can get f(x) < h(x) for all
x € X.

(ii)= (iii). It is obvious.
(iii)= (i). It is an immediate consequence of Remark 4.1.

[m}

The proof of the following proposition is similar to the one of Proposition 4.3, and therefore
we omit it.

Proposition 4.4 Let Q C X X Ry and Q # (. Then the following assertions are equiva-

lent:

(i) Q is co-radiant, the section QP is downward for all B > 0, and for all x € X the
section Q is co-normal and closed in Ry ;.
(ii) There is a unique ICR function f : X — [0, +o00] such that supp,(f, X x Ry4+) = Q.
(iit) There is a unique function f : X — [0, +00] such that supp,(f, X X Ry4+) = Q.
Furthermore, the function f of (ii) is defined by f(x) :=inf{f : (x, B) € Q} forall
x € X (with the convention inf § = 0).
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5 Polarity of ICR functions and co-radiant sets

In the this section, we introduce the polarity of ICR functions and some co-radiant sets. Also,
we present a separation theorem for these sets.

Definition 5.1 The lower polar function of f : X — [0, 4-00] is the function flo L —
[0, +o00] defined by

(x)
2 (1) = sup lho@ Iy € L, (5.1)
xeX f( )

(with the convention 8 =0).
Proposition 5.1 Let f : X — [0, +00] be a function. Then
f [
! ( O, 0‘)) f( y)
Moreover, f is an ICR function if and only zf

fl (l() Ot))

Viya €L.

f( v l(y,a) e L. (52)

Proof By (5.1), it follows that flo(l(y,a)) > 0@ gor ol x € X. This implies that

Jf(x) ) B
% < fl (I(y,a)). Now, let f be an ICR function and x, y € X, a > 0 be arbltrary

According to Theorem 3.1(iii), we have /(y o)(x) f(ay) < af(x). This, together with the
convention 0 = 0 imply that

R o) <

Vi e L.
f (Oty) e

Hence, we get (5.2). The rest of the proof follows from (5.1) and Proposition 3.3. O
Corollary 5.1 Let f : X — [0, +00] be an ICR function. Then
supp(f.L) = {lya) : £ (lya) <11

We can also define the upper polar functions which are defined by the elementary functions
U(y.p)-

Definition 5.2 The upper polar function of f : X — [0, +oo0] is the function f0 : U —
[0, +00] defined by

0 e upp )
fi (uypy) o= inf =22

v eU,
wex f o eP

(with the convention 8 = +00).

Proposition 5.2 Let f : X — [0, +00] be a function. Then

ﬂ
u eU.
Moreover, f is an ICR function if and only lf
B
1O (u B)) = U(y,p) € U.
v o) = Fos Vi

@ Springer



J Glob Optim (2009) 45:355-369 365

Definition 5.3 Let W C X x R, . The left polar set of W (W) is defined by:
W= {(x,,B) €X X Rip 1 (2 y(0) < B. ¥ (.)€ W}. (5.3)

Proposition 5.3 Let W C X x Ry. Then
w! = suppy(hw, X x Ryy),
where the function hy : X — [0, +00] is defined by:
hw () :=sup{la >0 : (y,a) e W}, VyelX, (5.4)
(with the convention sup @ = 0).

Proof By (5.3) and (3.19), we conclude that

w! = [(x,,B) EX X Rys i lx gy ()< B Y (o) € W}

o

= [ F) e X x Rey s pu, 1)(2)31, v (y,a)eW]

=1, B)eX xRy ¢ “ ,ﬂ)(Y)Za, v (y,a)EW]

™=

= {0 B) € X X Rig 2y 0D Z (), VyeX]

S

= supp, (hw, X X Ry4).

Definition 5.4 Let W C X x R.. The right polar set of W (W") is defined by:
W'i={(y,a0) € X x Ry : l(gﬂ)(x) <B, VB e W} (5.5

Similar to the Proposition 5.3, we have the following result.
Proposition 5.4 Let W C X x Ri. Then
W' = suppi(ew, X x Ry4),
where the function ey : X — [0, +00] is defined by:
ew(x) :=inf{>0: (x,8) e W}, VxelX, (5.6)

(with the convention inf ) = 4+00).

Remark 5.1 Let W C X x Ryy and W # (J. According to (3.5), (3.6) and (5.3), we have
W is a radiant set, the section (W")* is upward for all @ > 0, and for all y € X the section
(W"), is a normal and closed set in R ;.

Also, by (3.4), (3.7) and (5.5), we have W is a co-radiant set, the section (W)# is down-
ward for all > 0, and for all x € X the section (W!), is a co-normal and closed set in

Ry

The sets which are closed under the closure operators W — W’/ and W — W are identified
in the following theorem.

Theorem 5.1 Let W C X x Ryy. Then the following assertions are true:

@ Springer



366 J Glob Optim (2009) 45:355-369

(i) One has W = W' ifand only if W is co-radiant and has the downward B-section and
closed co-normal x-section for all > 0 and all x € X.

(ii) One has W = W' ifand only if W is radiant and has the upward a-section and closed
normal y-section for all« > 0 and all y € X.

Proof We only prove the part (i). Let W = W’!. By Remark 5.1, we have W is co-radiant
and has the downward B-section and closed co-normal x-section.

Conversely, let W be co-radiant and has the downward B-section and closed co-nor-
mal x-section. Then, by Proposition 4.4, there exists a unique ICR function f such that
W = supp,(f, X x Ry1). In view of Proposition 4.4 and (5.6), we conclude that f = ey.
Moreover, Proposition 5.4 and the fact that f = ew imply that W™ = supp;(f, X X R+4).
Also, according to Remark 5.1, we have W” is radiant and has the upward «-section and
closed normal y-section. Thus, by Proposition 4.3 there exists a unique function g such that
suppi(g, X x Ry4+) = W’. By (5.4) and the definition of g, we obtain g = hyr. Since g
is unique and supp;(g, X X Ry4) = W' = supp;(f, X x Ryy), then f = hyr. Now, by
Proposition 5.3, we have:

W' = suppy(hwr, X x Ryt) = suppu(f, X X Ryy) = W,
which completes the proof. O

Many applications of convexity are based on the separation property. Some notions of separa-
bility of radiant and co-radiant sets has been introduced and studied in [13]. In the following
theorem, we give a kind of separation property for a certain class of co-radiant sets by an
elementary ICR function.

Theorem 5.2 Let W C X x Ry. Then the following assertions are equivalent:

(i) W is a co-radiant set and has the downward B-section and closed co-normal x-section
forall B > 0andall x € X.
(ii) For each (xo, Bo) ¢ W, there exists (v, o) € X X R4y such that

lZ(y,o,)()c) <l< l [(y,a)(x0) ¥ (x,B) € W. 5.7

B Bo

Proof

()= (i). Let (xg, Bo) ¢ W. It follows from Theorem 5.1 that (xo, Bo) ¢ WL, This,

together with the definition of W imply that there exists (¥, «) € W’ such that
l(g,a)(x()) > Bo and l(g’a)(x) < Bforall (x,B) € W.Lety = 2. Thus, /()
satisfies (5.7).

(i))= (i). According to Theorem 5.1, we only show that W” ! W. For this end, assume that
(x0, Bo) € W and (xo, Bo) ¢ W, so by hypothesis there exists (y,a) € X x Ry
such that

1 1
=y, (x) <1 < =l 0(x0) V(x,B)eW. (5.8)
B Bo

The left inequality in (5.8) shows that (ay, @) € W’. Then, from (xo, Bg) € W" ! and
(ay, @) € W" we conclude that [y «)(x9) < Bo, and this contradicts the right inequality in
(5.8). |

In the following, we present a kind of separation property for a certain class of radiant sets
by an elementary ICR function.
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Theorem 5.3 Let W C X x Ry. Then the following assertions are equivalent:

(i) W a is radiant set and has the upward a-section and closed normal y-section for all
a>0andally € X.
(ii) For each (yo, o) ¢ W, there exists (x, f) € X X Ry such that

1 1
—up,p () <1< —uup® V(o) eW.
[61)) o

6 ICR functions and IPH functions

Abstract convexity of IPH functions on topological vector spaces has been studied in [2] and
[8]. It is well-known that IPH and ICR functions are closely related (see, for example, [10]).
In this section, we characterize subdifferential of ICR functions by means of IPH functions
which are simpler. For this end, we need the following definition: Let f : X — [0, +00] be
a function. The positively homogeneous extension function f of f: XX R4y U{0,0)}—
[0, 4-00] is defined by:

Fe,h) = Af (;) L (xeX, A>0), £0,0)=0.
We consider the natural order relation with respect to S x R4 on the space X x R4 by:
(x1,¢1) £ (x2,02) & x2—x1 €S, c1 < ca.

The following result on the cone R’} has been proved in [1], and can easily be extended to
topological vector spaces with the same proof.

Theorem q.l A function [ : X — [0, +o0] is ICR if and only if its positively homogeneous
extension f(x, L) is increasing.

Let f be an ICR function. Consider its positively homogeneous extension f defined on
X x Ryy. It follows from Theorem 6.1 that f is an IPH function.
The following results play a main role to reach our purpose.

Theorem 6.2 ([8], Theorem 3.2) Let p : X —> [0, +00] be a function. Then p is IPH if
and only if p is Q-convex, where 2 :={l, : y € X} and /,(x) = max{0 <A : Ay < x}.

Theorem 6.3 ([2], Theorem 2.7) Let p : X — [0, oco] be an IPH function, and p(x) #
0, +00. Then

dop(x) ={ly, € 2 : Ly(x)=pkx), py) =1}

Let us now define L := {lN(y,a) 2 l(y,e) € L}, where lN(y,a)(x, c) = l(y’g)(x), Y (x,c) €
X X R++.

Remark 6.1 Let f : X — [0, +00] be an ICR function. Then f is a L-convex function. In
this case, 2 in Theorem 6.2 is exactly L. On the other hand, we have:

X ~
c

f (x,c)=cf ( ) = SLLlpcl(y,a) (%) = SlL}pl(y%) (x,c).

forall x € X and all ¢ > 0.

Now, we give a description of subdifferential d; f ().
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Theorem 6.4 Let f : X — [0, 400] be an ICR function, and xo € X be such that f(xo) #
0, +00. Then

0,700 = {lpa © f00) =l (). f(@y) =a.

Proof According to Remark 6.1, Theorem 6.1 and Theorem 6.3, we have
A ~ A - A 1
07 f(xo, 1) = [l(y,ot) : flxo, 1) = l(y’é)(xo, D, f (y, &) = 1} .

Now, the result follows by definition of the positively homogeneous extension function f . O

Example 6.1 Let X = R" and S be the cone R’} of all vectors in R" with non-negative
coordinates. According to Example 3.1, we have

min { min; i } , e K},
[(x,y,a) = { el )y > ¥ X Y
0, x ¢ KT,
for each x, y € R", where

+ n . Xi . Xi
Ky = ’x eR": Viel(y)Uly(y), x; >0; max — < min —] .
iel_(y) yi iely(y) yi

Now, assume that f : R} — [0, 4o0] be an ICR function, and xo € X be such that
f(x0) # 0, 400, then

B . . (x0)i
9~ =1l : = min{ min
7 f(x0) ( () * f(x0) [iemy) i

, a], f(ay)=a],

where we have:
lN (x.c) = min{mini€1+(y) )}% s é}, X € K;,r,
), €)= 0, x ¢ K;_
forallx € R} andall ¢ > 0.
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